We investigate the low-energy scattering and bound states of two two-component fermionic atoms in pure two-dimensional (2D) and quasi-2D confinements with Rashba spin-orbit coupling (SOC). We find that the SOC qualitatively changes the behavior of the 2D scattering amplitude in the low-energy limit. For quasi-2D systems we obtain the analytic expression for the effective-2D scattering amplitude and the algebraic equations for the two-atom bound state energy. We further derive the effective 2D contact potential for the interaction between ultracold atoms in the quasi-2D confinement. This effective potential can be used in the research on many-body physics of quasi-2D ultracold fermi gases with Rashba SOC.
I. INTRODUCTION
The discussion on synthetic gauge field [1] and spinorbit coupling (SOC) [2] in bosonic and fermionic systems has recently drawn great attention [3] since its experimental realization in cold atomic gases. By applying counter propagating Raman pulses with tunable properties, the effective gauge field and SOC have been accomplished in ultra-cold gases of both bosons [2, [4] [5] [6] [7] [8] [9] and fermions [10, 11] . These experimental achievements add an additional piece to the already versatile toolbox of manipulation of cold atoms, and may help paving a new route toward the realization and investigation on novel quantum states. A considerable amount of theoretical interest has been stimulated in the understanding of the SOC effect in both bosonic [12] [13] [14] [15] [16] [17] [18] [19] [20] and fermionic [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] systems.
Among these works, one important direction is the study of SOC effect in low dimensionality where many interesting novel quantum states may be present. In particular, a BEC with a half-quantum-angular-momentum vortex may exist in two-dimensional (2D) bosonic system with Rashba SOC [17] [18] [19] . In two-component Fermi gases, a topological superfluid is proposed in 2D configuration, and can supports zero-energy Majorana modes which are related to fault tolerant quantum computation [29, 30] .
In realistic experiments of ultra-cold atoms, the lowdimensional physics are usually studied in a quasi-lowdimensional configuration, where atoms are strongly confined in one or two spatial dimensions such that the trapping frequencies along these directions dominate all other relevant energy scales in an effective low-dimensional Hamiltonian. In the energy scale of interest, this effective Hamiltonian should catch the same physics as the original Hamiltonian, which usually corresponds to twobody processes in the context of cold atoms as the particle separation is much larger than the range of interatomic interaction. Thus, to write down the correct effective low-dimensional Hamiltonian, one needs to investigate the two-body physics in the quasi-low-dimensional confinement, and express the effective low-dimensional scattering amplitude or the two-body binding energy in terms of the "control parameters", including the threedimensional (3D) scattering length and the intensity of the confinement. In the absence of SOC, this analysis has been performed for quasi-one-dimensional (1D) [36, 37] and quasi-2D [37, 38] configurations, and leads to the unique feature of confinement-induced resonance [36] and a different renormalization scheme around Feshbach resonances [37, 39] . In the presence of SOC, a discussion of two-body physics within quasi-low-dimensional confinement and a derivation of the effective low-dimensional Hamiltonian is still lack.
In this paper, we investigate two-body scattering process and bound state energy of two-component fermionic atoms in 2D and quasi-2D geometries with a Rashba type SOC. For 2D systems, we find that when the total momentum of two atoms is zero, the 2D inter-atomic scattering amplitude in the low-energy limit will be qualitatively altered by the presence of SOC, rendering a polynomial rather than logarithmical decay to zero. For quasi-2D systems with a strong harmonic confinement along the axial z-direction, we obtain analytic expression for the effective 2D scattering amplitude. We also derive the equation for the binding energy of two-atom bound states (dimer), as well as the effective mass of the dimer. We find that the presence of Rashba SOC tends to enhance the two-body binding energy. This observation can be qualitatively understood by noticing that the density of states in the low energy limit is increased as the ground state becomes degenerate with SOC. Based on these results, we further derive an effective 2D interaction between atoms in the quasi-2D gas with Rashba SOC, and map out two effective 2D Hamiltonians which are responsive for energy regimes around the two-body binding energy and close to the single-particle threshold. These effective models can be used to study many-body properties of quasi-2D gas with attractive or repulsive interactions, respectively. Our results provide the possibility to control the effective 2D physics via 3D parameters including the scattering length and the intensity of zconfinement. The method developed in this manuscript can be directly generalized to other systems with all kinds of atoms and arbitrary types of SOC.
The remainder of this manuscript is organized as follows. In Sec. II, we discuss the two-body physics in 2D. In Sec. III, we calculate the low-energy scattering amplitude and the binding energy of dimers in a quasi-2D geometry with a strong harmonic trapping potential along the axial z-direction. By matching the two-body physics, we construct in Sec. IV the effective 2D Hamiltonian which can describe the low-energy behavior of the quasi-2D gas. The main results are discussed and summarized in Sec. V, while some details of our calculations are explained in the appendixes.
II. 2D SCATTERING WITH RASHBA SOC
In this section we discuss the scattering and bound states of two spin-1/2 fermionic atoms in a pure-2D geometry (x-y plane) with Rashba SOC. In such a system, the total momentum q of the two atoms is conserved. Then the spatial motion of the mass center of the two atoms is separated from the relative motion and the spin of the two atoms. Thus, the quantum state of the twoatom relative motion can be described by a spinor wave function
with ρ = (x, y) the 2D relative coordinate of the two atoms and | ↑ 1 (2) and | ↓ 1(2) the spin eigen-states of the 1st (2nd) atom. It is apparently that the wave function |ψ (ρ) can also be considered as a ρ-dependent spin stae of the two atoms. In this paper, we use the nature unit ℏ = m = 1 with m the single-atom mass. Due to the presence of SOC, the relative motion of the two atoms depends on their center-of-mass momentum q. For a given value of q = (q x , q y ), the Hamiltonian for atomic relative motion and spin degrees of freedom is given by
where the 2D free Hamiltonian H (2D) 0 is given by
with p = (p x , p y ) the relative momentum of the two atoms. The Rashba SOC is described by the second term of Eq. (3), where q/2 + (−1) j p is the momentum of the j-th atom. The spin operatorσ (j)
x,y for the j-th atom is defined asσ
Without loss of generality, we assume the SOC intensity ξ in Eq. (3) is a positive real number.
In Eq. (2) V 2D (ρ) is the atom-atom interaction potential with ρ = |ρ|. We assume the effective range of the potential V 2D (ρ) is ρ * , that is the potential becomes negligible in the region ρ ρ * . We further assume the SOC is weak enough so that ξ ≪ 4/ρ * .
To investigate the scattering process in our systems, we first define single-atom spin state |α j , t j for the j-th atom as
with t = (t x , t y ) any 2D vector and α j = ±1. We further define the two-atom spin state |α (q, k) as
In the scattering process, the incident wave function shoud be the eigen-state of the Hamiltonian H (2D) 0 for the free motion of the two fermionic atoms. The straightforward calculation shows that the such a incident wave function takes the form
with incident momentum k = (k x , k y ). In this paper we denote c = (α, q, k)
as the set of all the three quantum numbers. Here we have considered the Pauli's principle for the fermonic atoms. The eigen-energy of H (2D) 0 with respect to the eigen-state |ψ
with k = |k|. Notice that in the presence of SOC, the scattering threshold, or the minimum value of ε c with respect to a fixed q, is shifted from 0 to ε thre (q) which is given by
with q = |q|. Now we consider the scattering state |ψ c (ρ) . We assume the scattering energy ε c is low enough with k ≪ 1/ρ * . In such a low-energy case and within the region of ρ ρ * , the wave function of the scattering state |ψ (+) c (ρ) can be expressed as (see discussion in Appendix A and in Ref. [38] )
where
is the spin singlet state, and the 2D free Green's function g (η; ρ, ρ ′ ) is given by
and can be considered as a (ρ, ρ ′ )-dependent operator for the two-atom spin.
The coefficient A (c) in Eq. (10) can be derived with the following analysis. First, it can be proved (see Appendix B) that in the small-distance region ρ * ρ ≪ 1/k the function |ψ (c,+) (ρ) behaves as
Here, the ρ-independent factor ln d is determined by ξ and the detail of the potential V 2D (ρ) (Appendix B). and almost independent on the scattering energy ε c in the low-energy case [38] . Second, the calculations in Appendix C shows that, in the small-distance region we have
where C = 0.5772... is the Euler gamma number and the function λ(η, q) is defined as
with c ′′ = (α ′′ ; q; k ′′ ). For q = 0, a straightforward calculation shows that the function λ(η, 0) can be further simplified as
. (16) Substituting Eq. (14) into (10), we get the expression for |ψ
Comparing Eqs. (17) and (13), we obtain the expression for the parameter A (c):
According to Eq. (10), A (c) completely determines the behavior of the scattering-state wave function |ψ (c,+) (ρ) in the region of ρ ρ * .
According to scattering theory [42] , we can define the 2D scattering amplitude f (2D) between the incident state |ψ 
Now we discuss the two-body bound states with Rashba SOC in two-dimensions, as is also investigated in Ref. [34] . As shown in Appendix A, when the energy ε b of the bound state is close enough to the scattering threshold ε thre (q), or the condition ε thre (q)
is satisfied, the wave function |ψ b (ρ) of the two-atom bound state can be approximated as
in the region ρ ρ * . Here, B is the normalization coefficient and g is defined in Eq. (12). The energy ε b of the bound state is determined by the condition (appendix B)
in the region ρ * ρ ≪ 1/ |ε b − ε thre (q)|, or by the equation
Here, we use the fact that in the small-distance region the function 0, 0|g (ε b ; ρ, 0) |0, 0 also takes the form as in Eq. (14), with ε c replaced by the new variable ε b . Therefore, the bound-state energy ε b is a function of both the characteristic length d and the center-of-mass momentum q.
In the discussion above, we obtain the analytical expressions for the scattering amplitude f (2D) and the equation for the bound-state energy in a pure 2D geometry with Rashba SOC. Comparing our results with the 2D scattering theory without SOC (see Appendix E and Ref.
[38]), we observe the following two qualitative differences:
First, when the total momentum q of the two atoms is zero, the SOC changes the dependence of the scattering amplitudes on the scattering energy ε c . As shown in Appendix E, when there is no SOC, the scattering amplitude f (2D) 0 decays to zero logarithmically in the limit
When q = 0, a Rashba SOC will change the scattering amplitude through the function λ (ε c , 0) in A (c) and the factor ψ (0)
c (0) . In particular, the λ-function removes the logarithmic behavior of the scattering amplitude in the region around ε c = 0, leading to
Namely, in the presence of Rashba SOC, the scattering amplitude f (2D) polynomially decays to zero in the limit of ε c → −ξ 2 /4. To illustrate the SOC effect to the 2D scattering amplitude, we plot in Fig. 1 the mode square of the quantity
as a function of the scattering energy ε c with respect to different SOC intensities. It can be seen clearly that the function |F | 2 linearly decays to zero in the limit of ε c → −ξ 2 /4 in the presence of SOC, and logarithmically decays to zero when there is no SOC.
We emphasize that, this change is due to the dispersive relation (8) of ε c . When q = 0, ε c is independent of the direction of k, and takes minimum value −ξ 2 /4 when k = ξ/2. Namely, we have ε c = −ξ 2 /4 for all momenta k in the cirecle of (k x , k y ) plane. Nevertheless, when q = 0, or when SOC is not of Rashba type, this character disappears. In these cases ε c takes minimum value only when k takes one or two certain values, as in the systems without SOC. Thus, the 2D scattering amplitude also logarithmically decays to zero when the scattering energy approaches to the threshold.
Second, when there is no SOC, the scattering amplitude is independent on the center-of-mass momentum q. This feature is qualitatively altered by the presence of SOC, as can be clearly seen from Eq. (3) where the SOC terms couple the relative motion of the two atoms with the total momentum q. As a consequence, the scattering amplitude f (2D) becomes a function of q. The similar q-dependence can also be observed in the bound-state energy ε b of the low-energy bound states [34] .
III. SCATTERING IN A QUASI-2D CONFINEMENT WITH RASHBA SOC
In the previous section, we obtain the two-atom scattering amplitude and bound-state energy in a pure 2D system with Rashba SOC. Our results show that the SOC qualitatively changes the 2D scattering amplitude. In a realistic experiment of cold atoms, the 2D condition is usually realized by applying a tight confinement along one (say z) direction, such that the degrees of freedom of the single-body Hamiltonian along that specific direction can be approximately integrated out. In this section, we study the scattering and bound states of two spin-1/2 fermionic atoms in a quasi-2D configuration. We conclude that the qualitative effects introduced by Rashba SOC to the two-body physics in pure 2D geometry also exist in the quasi-2D cases. Besides, we show how the factor ln d in the expressions of 2D scattering amplitude and bound state energy can be effectively tuned by the atomic 3D scattering length and the intensity of z-confinement.
A. System and Hamiltonian
We consider a quasi-2D configuration with a harmonic trap with frequency ω applied along the z-direction, while the atomic motion in the x-y plane is free. In the quasi-2D case, the total momentum q of the two atoms in the x-y plane is also conserved and serves as a parameter for the atomic relative motion, as in the pure 2D case. For a given value of q, the Hamiltonian of the atomic relative motion and spin states takes the form
Here, H
is the Hamiltonian for the two-atom relative motion in the z-direction, with z the relative coordinate of the two atoms in this direction. Note that we have shifted the zero-energy point for our convenience, since the harmonic confinement allows us to separate the relative motion in the z-direction from the center-of-mass degree of freedom. In Eq. (27) , the atom-atom interaction potential V 3D (r) is a function of the relative position r = (ρ, z) = (x, y, z) of the two atoms in three dimensions. Here, we have r = |r| and denote the effective range of V 3D (r) as r * . In the region r r * , the potential V 3D (r) becomes negligible. For simplicity, we further assume V 3D (r) is independent on the atomic spin, and consider only the weak SOC case with 4/ξ ≫ r * .
B. Two-atom scattering state
In the quasi-2D configuration, we consider only the scattering between two fermionic atoms in the ground state of H z . Then the incident wave function is given by
with |ψ
c (ρ) defined in Eq. (6). Here, ϕ nz (z) is the n z -th eigen-wave function of H z . Without loss of generality, we set the phase of ϕ nz (z) so that ϕ nz (0) is real. We further assume the energy gap between the incident state and the threshold ε thre is smaller than the trapping frequency along the z-direction, i.e. |ε c − ε thre (q)| < ω. In this case, the energy-conserved output states of the scattering are also in the ground transverse channel with ϕ 0 (z).
Next, we calculate the scattering state |Ψ (+) c (r) with respect to the incident state |Ψ (0) c (r) . The scattering state can be obtained with the same method as in Sec. II. As shown in appendix A and Ref. [38] , in the region of r r * , the scattering state wave function |Ψ
with the quasi-2D free Green's function G (η; ρ, ρ ′ ) given by G (η; r, r ′ ) = 1
Here A eff (c) is a r-independent coefficient, and can be derived with the following two facts. First, it can be proved (see Appendix B) that in the small-distance region r * r ≪ 1/k the function |Ψ 
with a the s-wave scattering length determined by ξ and the detail of V 3D (r) (Appendix B). Second, Appendix C also shows that, in the small-distance region we have
where l 0 = 1/ω, w (η) is defined as
and λ(η; q) is defined in Eq. (15) . Substituting Eqs. (30) and (33) into (32), we can obtain the parameter A eff (c). We find that A eff (c) can be formally expressed as in Eq. (18), with the 2D effective range d replaced by a quasi-2D effective range d eff
Here, the effective characteristic length d eff is a function of the scattering energy ε c , the center-of-mass momentum q, and the 3D scattering length a, and can be determined by
Note that the summation of n z on the right-hand-side of Eq. (36) runs over all natural numbers. One can easily show that ln d eff (η, q) always takes a real value when η < ε thre (q) + ω. We would like to emphasize that the term ln d eff governs the effective 2D physics in this quasi-2D system, and includes all effects given by the control parameters a and ω.
C. Effective 2D scattering amplitude
The straightforward calculation shows that, in the region ρ ≫ l 0 we have where the 2D Green's function g is defined in Eq. (12). Comparing Eq. (37) and Eq. (10), we find that in the long-range region with ρ ≫ l 0 , the quasi-2D scattering state wave function |Ψ (+) c (r) is the product of ϕ 0 (z) and a 2D scattering-state wave function. Therefore, if we focus on the long-range region, the quasi-2D scattering process is equivalent to a 2D scattering process with an effective characteristic length d eff (ε c , q), which is controlled by the 3D scattering length a and the trapping frequency ω in the z-direction.
The quasi-2D scattering amplitude between the incident state |Ψ c ′ (r) with q = q ′ and ε c ′ = ε c is defined as
Comparing Eq. (39) with (20), we find that f (Q2D) is nothing but the 2D scattering amplitude with respect to the 2D scattering state given by the right-hand side of Eq. (37) .
To understand the behavior of the effective quasi-2D scattering amplitude f (Q2D) , we show in Figs. 2 and 3 the variation of the mode square of the function with scattering energy ε c , SOC intensity ξ, 3D scattering length a and characteristic length l 0 of the z-confinement. In Fig. 2 , it is shown clearly that the quantity |F eff | 2 linearly decays to zero in the low-energy limit ε c → ε thre (q) with SOC, and logarithmically decays to zero when there is no SOC. This observation is consistent with the outcome in the pure 2D systems as discussed in the previous section. In Fig. 3 we investigate the behavior of |F eff | 2 as functions of the scattering length for different values of ε c − ε thre (q). Note that for a given value of ε c − ε thre (q), the resonance behavior of |F eff | 2 is still maintained, while the resonance point is shifted by the SOC and the amplitude of |F eff | 2 is suppressed by the SOC.
D. Two-atom bound state
Next, we consider the two-body bound state in quasi-2D configuration. Similar as in Sec. II, it can be shown that in the region r r * the wave function |Ψ b (r) can be expressed as
with B ′ the normalization factor. In the long-range limit r ≫ l 0 , the wave function of the quasi-2D bound state is proportional to that of the pure-2D bound state in Eq. (21). The energy E b of the quasi-2D bound state is determined by the boundary condition in the smalldistance region (appendix B) Then it is easy to prove that the boundary condition Eq. (42) is equivalent to the equation
In Fig. 4 , we show the behavior of binding energy
with varying 3D scattering length a and SOC intensity for cases of q = 0. Notice that the variation of E binding in terms of 1/a has the same qualitative behavior with or without SOC, and the value of E binding is increased with the SOC intensity ξ. Next, we discuss the dispersion relation of the twoatom bound state. To this end, we express E b as E b = ∞ n=0 E bn q n h n (q/q) and then substitute this expression into Eq. (43) . Expanding both sides of Eq. (43), we can obtain all the coefficients E bn and the functions h n . When q is small, we have
with E b0 and E b2 determined by the equations
and Here, the functions λ 0 (η) and λ 2 (η) are defined as
and
with w ′ (η) = dw (η) /dη and λ ′ 0 (η) = dλ 0 (η) /dη. The total energy of the two-body bound state can then be obtained by adding Eq. (45) and the kinetic energy of the center-of-mass motion, leading to E bt ≈ E b0 +E b2 q 2 + q 2 /4. This quantity can also be expressed in terms of the effective mass
and takes the form
In Fig. 5 , we plot the effective mass with the 3D scattering length and the SOC intensity.
IV. EFFECTIVE 2D HAMILTONIAN
With the above knowledge of two-body physics, we can construct the effective 2D Hamiltonian for a twocomponent Fermi gas with Rashba SOC in a quasi-2D confinement. The effective Hamiltonian is required to give the same scattering amplitude or two-body bound state as the original Hamiltonian. It is pointed out that, for each effective 2D Hamiltonian, this criteria can only be satisfied for a small energy range. Thus, in principle one needs to derive different effective Hamiltonian for different energy regions.
We first consider gases with atoms in the low-energy scattering states i.e., the system given by the directly cooling of the atoms with a fixed scattering length. In such a system, the energy of relative motion of two atoms is slightly above −ξ 2 /4, and the probability for atoms in the excited states along the z-direction is negligible. The atom-atom interaction can be described by a 2D singlechannel contact potential
Here, a † p,σ and a p,σ are the 2D creation and annihilation operators for an atom with momentum p and spin σ, S is the area of the system, and the summation
, with k c a cut-off momentum. For systems without SOC, the coupling intensity g(q) is given by the renormalization re-
, with E b the bound-state energy. For our current systems with Rashba SOC, the renormalization relation should be modified as
with the effective characteristic length d eff defined in Eq. (36) . According to the definition, d eff also depends on 3D scattering length a and the characteristic length l 0 of the z confinement. A straightforward calculation (Appendix F) shows that the 2D scattering amplitude given by the interaction potential V o is the same as the quasi-2D scattering amplitude f (Q2D) as in Eq. (39). Now we consider the systems with atoms in the bound states. In that case, if the binding energy of the bound state is large, the atomic population in the transverse excited states ϕ nz (z) with n z > 0 becomes significant [37, 41] . To take into account these transverse excitations, we use a phenomenological two-channel model to describe the atom-atom interaction:
Here, the open-channel interactionV o is defined as in Eq. (52), b † q and b q are the creation and annihilation operators for molecules in the closed channel of our phenomenological model with [b q , b † q ′ ] = δ q,q ′ , and the summation
The renormalization relation for cases without SOC is given in Ref. [41] . In the presence of Rashba SOC, The parameters v(q) and u(q) are now given by
where the functions κ (η, q) and χ (η, q) are defined as
with c = (α, q, k). In Appendix F, we show that the 2D bound state |Ψ (r) recovers the population of the transversal ground-state |Ψ b (r) . Therefore, the effective 2D potential V b can be used to study lowenergy physics where nearly all particles are in the bound states with zero center-of-mass momentum.
V. CONCLUSIONS
In this paper we investigate the two-body physics of two-component fermonic atoms in 2D and quasi-2D configurations with a Rashba SOC. For the 2D case, we find that when the total momentum is zero, the logarithmic behavior of the 2D scattering amplitude in the low-energy limit is replaced by a polynomial behavior. For the quasi-2D system, we obtain an analytic expression of the effective 2D scattering amplitude as a function of the 3D scattering length a and the trapping frequency ω along the strongly confined z-direction, and observe the same polynomial behavior. We also discuss the two-atom bound state, and get the algebraic equation for the binding energy. We find that the two-body binding energy is enhanced by the presence of SOC, as a consequence of the increase of single particle density of states in the low energy limit. We also analyze the dispersion relation and extract the effective mass of the dimers. These information allows us to tune the effective 2D physics in quasi-2D configuration with parameters a and ω.
With the knowledge of two-body physics, we further construct two effective 2D Hamiltonians, which can individually mimic the original quasi-2D Hamiltonian within the energy regimes around the two-body binding energy or close to the single-particle threshold. These effective models can be used to analyze many-body physics of the system, hence help paving a way towards the simulation of 2D Fermi system with quasi-2D atomic gases. Our method developed in this paper can be directly generalized to systems of bosonic or distinguishable atoms with arbitrary type of SOC.
Here, we haveṼ 2D = U V 2D U † and the operators W (ρ) and W ′ (q, ρ) are defined as
Due to the weak SOC condition ξ << 1/ρ * , in the region ρ ≪ 4/ξ we have we have W (ρ) ≈ 0 and W ′ (q, ρ) ≈ W ′ (q, 0). Therefore, in this region the rotated wave function |ψ 
In the small-distance region we have
with λ-function defined in Eq. (15). Then we have proved Eq. (14) . Eq. (33) can be proved with the similar approach. In the small-distance region r * r << 1/k, the function 0, 0|G(ε c ; ρ, 0)|0, 0 is governed by the leading terms in the limit r → 0. Using the facts
+ H z ϕ nz (z) e ik·ρ |α (q, k) = (nω + ε c ) ϕ nz (z) e ik·ρ |α (q, k) ,
it is easy to prove that 
As shown in Ref. [38] , we have Here, we have g R (ε; ρ, ρ ′ ) = ⊥ ρ| 1 ε + i0 + + α=x,y
where K 0 is the modified Bessel function of the second type. The coefficient A can be determined by considering that ψ (ρ) ∝ ln ρ−ln d in the region ρ * ρ ≪ 1/ √ ε, with d the characteristic length. Using this condition and the expression (E4) of g R (ε; ρ, 0), we get the coefficient A and then the 2D scattering amplitude f 
where C = 0.5772... is the Euler gamma number. The expression (E5) clearly describes the character of the 2D low-energy scattering. It shows that the lowenergy scattering amplitude f (ε) logarithmically decays to zero [38] in the limit ε → 0, and achieves the maximum when ε = 4 exp (−2C) /d 2 .
